Typically, equal employment cases concern the fairness of an employer's hiring, promotion or layoff decisions. Sometimes both the hiring and promotion practices are under scrutiny. An unappreciated issue in the analysis of promotion data is that Fisher's exact test may have low power for detecting a legally meaningful disparity in promotion rates when the number of minorities previously hired was small due to unfair hiring. The two employment processes are nested. Thus, before promotion data is analyzed, one should first check whether the hiring was fair. The choice of an appropriate test for fairness in promotions should depend on the result of the test on hiring. Two adaptive procedures are presented in this paper. One uses the Breslow-Day test as the preliminary procedure for choosing between a test having a mixture χ 2 null distribution and a test assuming a common odds ratio between the success rates of minority and majority members in both hiring and promotion. The second adaptive procedure was motivated by a court's suggestion that when the fairness of both the hiring and promotion practices are under review, rather than applying Fisher's exact test to data of promotions made from those hired, the promotions should be viewed as a random sample from the applicants for the lower level position. The statistical properties of the test procedures are presented and the tests are applied to data from four actual cases. Because the choice of the test at the second stage depends on the results of the first stage analysis, in cases concerning promotion, courts should give plaintiffs access to data concerning hiring in the feeder positions. Thus, the courts should take a broad view of potentially relevant data at the discovery stage.
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INTRODUCTION
In 1977, the United States Supreme Court accepted statistical hypothesis testing to assess whether minorities were fairly represented on juries in Castaneda v. Partida 1 and * Corresponding author. 1 Castaneda v. Partida, 430 U.S. 782, (1977) .
received their fair share of hires in Hazelwood 2 . Since then, there have been numerous cases involving the fairness of hiring and/or promotion as well as equal pay. Various nested processes arise in related aspects of fair employment litigation. For example, there can be two stages in the hiring process. First, applicants must pass a written test and only those who pass continue on to an oral exam. Alternatively, an employer may check for improper workplace behavior of its employees by a haphazard process of selecting some to be investigated and then decide to terminate a subset of those investigated. Notice that unfairness can occur at the first stage in the choice of employees to be investigated, and/or the second stage when some employees are terminated. While a single plaintiff will allege that he/she was discriminated in either hiring or promotion, a class action may concern the fairness of both. Thus, different statistical methods will be preferred depending on the nature of the legal complaint. Gastwirth and Greenhouse (1995) and Gastwirth (1997) pointed out that the available sample size for studying the promotion process depends on the number of those who were hired. They showed that anomalous results can occur when one analyzes the data for the two processes separately. In particular, it is possible for one employer in a labor market to hire and promote more minorities than a similar employer in the same labor market, but to have a statistically significant shortfall in promotions while the second employer, who hired and promoted fewer minorities, does not have a statistically significant shortfall in either hires or promotions. This paper proposes two adaptive procedures addressing such situation and shows that they generally have higher power than the commonly used tests, which focus on only one of the two related employment practices.
The statistical models appropriate for the types of data arising in these cases are presented in Section 2, where the sampling distributions of the test statistics are given. In Section 3 two adaptive tests are described; the first is appropriate when testing the fairness of both policies. It uses the Breslow-Day test (Breslow and Day, 1980, p. 142 ) as a preliminary check of the equality of the odds ratios of the hiring and promotion processes. When the data are consistent with a common odds ratio, a test based on an optimal estimate of that odds ratio is used. Otherwise, a mixture χ 2 test originally proposed by Chernoff (1954) is used. The second 
procedure is designed for cases where the fairness of promotions is the primary concern but minorities might have been disadvantaged in the hiring process, which formalizes an approach adopted by the courts in Robinson v. Union Carbide 3 . Section 4 presents the results of simulation studies examining the powers of the various procedures in different situations. The findings imply that comparing the proportions of minorities and majorities chosen for promotion from an existing pool of employees by Fisher's exact test (Finkelstein and Levin, p.154-p.157, 2001 ), a commonly used method, has low power when minorities did not receive fair treatment in the hiring process and should not be used. The proposed adaptive procedures, however, have good power relative to other methods in this situation. This result implies that when courts allow discovery in promotion cases it is important that plaintiffs have access to data concerning the hiring or promotion to the feeder positions. The methods are illustrated on data from actual cases in Section 5.
THE MATHEMATICAL FORMULATION OF THE PROBLEM AND SAMPLING DISTRIBUTION OF THE STATISTICS
The data for analysis are summarized in Table 1 , where n i (i = 1, 2) denotes the number of minority or majority applicants, respectively. Let X denote the number of minorities among the m hires. From the m hires, during the relevant time period, k are promoted, Y of whom are minority. The estimates of the log odds ratios of the hiring and promotion processes (θ h andθ p ) arê
Under the null hypothesis
is the hypergeometric distribution with parameters N , M and n, that is, there are N subjects, of which M are special, and a sample of size n is drawn from all N .
, and
λ1 (1−λ2) . The proof utilizes the conditional distribution of promotions given hires and the joint distribution is obtained by removing the condition using the result of Fligner (1981) , which extended results of Sethuraman (1961) , Fligner and Hettmansperger (1979) .
Proof. It is convenient to consider the random variables
Under the stated conditions, Feller (1968, p. 194) and Pinsky (2008) showed that
which implies that
Equivalently,
where U 1 ∼ N (0, γ(1−γ)λ 1 (1−λ 1 )) with probability density function of f U1 (u 1 ). Using the same technique of Feller and Pinsky's, one can obtain
Let U 2 be a random variable such that its conditional distribution given
. Thus (4) implies
Since U X,n = √ n(X/n − γλ 1 ) are discrete random variables on a lattice of the form L x = {u x,n , x = 0, 1, . . . , m}, it follows from Theorem 1 of Fligner (1981) that
λ1 (1−λ2) . Thus, we have
. Details are provided in Appendix A.1.
In the notation of Theorem 1, n 1 ∼ nγ, m ∼ nλ 1 and k ∼ nλ 2 , expressions (1) and (2) are asymptotically equivalent toθ
Using the delta method (Appendix A.2), Theorem 1 implies
Sometimes the available data on applicants are incomplete or do not accurately reflect the true qualified labor pool for the job. This can happen when the jobs were advertised in media primarily directed to a majority audience, when a company has a history or reputation for not giving minorities better paying positions or when a substantial fraction of applications are duplicates. Courts then use the demographic method, which determines the minority share (γ) of the qualified labor pool from Census data on the education and labor force participation of the population in the area (Rosenblum, 1977 (Rosenblum, , 1978 . Methods have been developed to estimate γ to account for commuting patterns (Dorseano, 1975 , Gastwirth and Haber, 1976 , Haber and Gastwirth, 1978 and the salary of the entry level position (Gastwirth, 1981) . Then the number of minorities X among the m hires is assumed to have a binomial distribution with parameters m and γ, i.e., X ∼ Binomial (m, γ) and Y |X = x ∼ H(m, X, k). The analog of Theorem 1 is:
where Gastwirth and Greenhouse (1987) noted that the binomial model is appropriate when the number of hires is small relative to the external labor pool. They showed that the maximum likelihood estimate of the relative risk is X/(m−X) γ/(1−γ) , which can be interpreted as the ratio of the odds of randomly selecting a member of the minority group from the m hires to the odds γ/(1 − γ) of selecting a minority member from the large external labor pool. Following Gastwirth and Greenhouse (1987) , in the notation of Theorem 2, θ h = log
. Their joint asymptotic distribution is obtained by applying the delta method (Appendix A.3) to Theorem 2. Formally, this yields the analog of Corollary 1
A mixture χ 2 test
Sometimes, the problem of interest is to test whether discriminatory practices affect both the hiring and promotion processes. Thus, one tests
Chernoff (1954) developed a procedure for testing hypotheses of this type, which was generalized by Self and Liang (1987) . When Z has a multivariate normal distribution with mean θ, where θ ∈ Θ is in a k-dimensional space, and known covariance matrix Ω, for testing H 0 : θ ∈ Θ 0 vs. H a : θ ∈ Θ 1 , Chernoff showed that the likelihood ratio test statistic is
Let P ΛP be the spectral decomposition of Ω −1 , then one obtains
Therefore, the likelihood ratio test statistic is
where χ 2 j (j = 0, 1, 2) is a χ 2 distribution with j degrees of freedom. Self and Liang (1987) give the general formula for ρ:
where I ij 's are the (i, j) entries of the information matrix I(θ) = Ω −1 . As the two log odds ratiosθ h andθ p are independent under the null hypothesis, I 21 = 0, implying ρ = 
Common log odds ratio test
In his dissent in Watson v. Fort Worth Bank (1988) 4 , the late Judge I. Goldberg observed that "If an employer discriminates against black applicants, a plausible inference is that he does not suddenly become a Frederick Douglass to his employees." He then noted that when the same decisionmakers are involved in both hiring and promotion, statistical evidence concerning each of the employment practices reinforces the other. This implies that if an employer discriminates, this will be reflected in lower odds ratios of minorities to majorities in both processes, i.e. θ h and θ p are likely to be in the same direction and possibly close. When θ h = θ p = θ c , one can use both the hiring and promotion data to estimate θ c . The common log odds ratio θ c is estimated by a weighted average ofθ h andθ p , which isθ c = aθ h + (1 − a)θ p , where a is chosen to minimize the variance ofθ c . Standard calculus yields a =
. From Corollary 1 and Corollary 2,θ c is asymptotically normal. Thus for testing H 0 : θ c = 0 against H a : θ c < 0, the standardized statistic z =θ 
A comparison of the mixture χ 2 test and common log odds ratio test
A small simulation study was conducted to assess the performance of the mixture χ 2 and common log odds ratio tests. There are 800 applicants, of whom 400 are hired and 200 are subsequently promoted, and the majority forms three-fourths of the original applicants. The number of minorities hired and promoted are studied for different pairs of odds ratios θ h and θ p . Ten thousand replications are examined for each setting. Table 2 reports the power and size of the mixture χ 2 and common log odds ratio tests of the H 0 : θ h = θ p = 0 vs. H a : θ h < 0 and θ p < 0, under different combinations of the true values of two odds ratios at the 0.05 significance level.
First, when the null hypothesis is true, the empirical significance level of both tests agrees with their nominal level (0.05). When the odds ratios of two stages are the same or close, the common log odds ratio test performs better than the mixture χ 2 test. When the odds ratios are noticeably different, the mixture χ 2 test has more power, especially in the upper right corner of Table 2 , pertaining to the situation when minorities do well at the hiring stage but have few opportunities for promotion.
ADAPTIVE PROCEDURES

An adaptive procedure using Breslow-Day test as the preliminary check
The study in Section 2 suggests that an adaptive procedure (Hogg, 1974; Neuhäuser, 2001; O'Gorman, 2004; Miao and Gastwirth, 2009) , which checks whether the data are consistent with the assumption of a common log odds ratio might be useful. When a procedure is used to select the statistical test for the main inference, it is preferable to use a significance level greater than 0.05 (Bancroft, 1964; Huber, 1972) . Here, we use the Breslow-Day (BD) test at significance level .20 as the preliminary procedure to decide which test to use at the analysis stage. If the BD test fails to reject the hypothesis of a common odds ratio, the common log odds ratio test is applied to both the hiring and promotion data; otherwise the mixture χ 2 test is used. Because the promotions are made from individuals who were hired, the numbers (X and Y ) of minorities hired and promoted are not independent. However, they are conditionally independent. Furthermore, similar to the derivation of the asymptotic null distribution of the logrank test (Mantel, 1966; Fleming and Harrington, p. 112, 1991) , the impact of this dependence is likely to be small. A simulation study in Appendix A.4 also shows that the actual size of BD test using the χ 2 distribution is close to the nominal value. 
An adaptive procedure based on a court's suggestion
Several cases filed a few years after the passage of the Civil Rights Act, concerned the fairness of promotions at companies that only employed African-Americans in low paying positions. In Robinson v. Union Carbide (1976) the minority share of hires was consistent with their share of the local area's labor force; however, they were concentrated in menial jobs, i.e., they were segregated in the least favorable positions and were rarely promoted. The court decided to evaluate whether they were treated fairly in promotion by comparing their share of promotions to their share of the local area labor force and found the defendant had discriminated in promotions. The court essentially used an adaptive procedure to check the fairness of the employer's policy in assembling the candidate pool for promotions, i.e. those who were hired and subsequently eligible for promotion, to decide on the method for analyzing the promotion data. In most cases today applicant data are usually available and reliable, so an analog of the court's method is the following adaptive procedure. First, test the fairness of hiring using two-sided Fisher's exact test at the .20 level to determine whether the probability a minority applicant is hired is the same as that of a majority applicant. When the test indicates fair hiring or over-hiring, one applies two-sided Fisher's exact test to the promotion data from those hired. When the first stage test indicates possible unfairness in hiring, a one-sided Fisher's exact test is used to evaluate whether the promotions are consistent with a random sample from the applicant pool.
A comparison of the six testing procedures
As in Section 2.3, the statistical properties of six tests are evaluated in a simulation study. Again 10,000 datasets of 800 applicants, 400 of whom are hired and 200 subsequently promoted, where the majority forms three-fourths of the original applicants, are simulated. The same combinations of hiring and promotion odds ratios in Section 2.3 are used here. The powers in Table 3 are listed in the order of: the first adaptive procedure using the BD test as the preliminary check, mixture χ 2 test, common log odds ratio test, two-sided Fisher's exact test on promotion data, one-sided Fisher's exact test on promotion data, and the second adaptive procedure based on court's suggestion. The results indicate that all six procedures preserve the nominal .05 level of significance.
When the primary interest is examining whether promotions were made fairly when the hiring process was unfair, Fisher's exact test has low power (see the forth test in Table 3). For instance, when the first and second stage odds ratios are 3 4 and 2 3 respectively, the power of a two-sided Fisher's exact test is .34. In contrast, the powers of the first adaptive procedure, the mixture χ 2 , the common log odds ratio tests and the second adaptive procedure are . 77, .74, .78 and .68 , respectively. The adaptive procedures perform well, because the discrimination at the hiring stage reduces the minority sample size in the analysis of the promotion data. When the hiring process is fair, the adaptive method inspired by the court's approach performs as well as the twosided Fisher's exact test applied to promotions from hired employees. Notes: for each combination of the two odds ratios at stages I and II, the six values correspond to the power of the following six tests: the first adaptive procedure using the Breslow-Day test as the preliminary check, mixture χ 2 test, common log odds ratio test, two-sided Fisher's exact test on promotion data assuming the promotions are made from the hires, one-sided Fisher's exact test on promotion data assuming the promotions are made from the hires, and the second adaptive procedure based on court's suggestion. n1 = 200, n2 = 600, h = 400, p = 200, 10,000 simulations in each setup.
Table 4. Power Comparison of the Six Procedures (Assume 30% random leaving)
Odds ratio Odds ratio at stage II at stage I for each combination of the two odds ratios at stages I and II, the six values correspond to the power of the following six tests: the first adaptive procedure using the Breslow-Day test as the preliminary check, mixture χ 2 test, common log odds ratio test, two-sided Fisher's exact test on promotion data assuming the promotions are made from the hires, one-sided Fisher's exact test on promotion data assuming the promotions are made from the hires, and the second adaptive procedure based on court's suggestion. n1 = 200, n2 = 600, h = 400, p = 200, 10,000 simulations in each setup. When one is concerned with detecting discriminatory practices that affect both hiring and promotion, the common log odds ratio test tends to have more power compared to the mixture χ 2 test when the two odds ratios are close. The first adaptive procedure, using the BD test as the preliminary check for the homogeneity of hiring and promotion odds, has power between those of the mixture χ 2 and common log odds ratio tests. Because the adaptive method does not incur a serious loss of power relative to either the mixture χ 2 or common log odds ratio tests in the settings where they have the highest power, the first adaptive method is recommended for general use.
In the real world some individuals who are hired leave fairly early and would not be considered as candidates for subsequent promotion. To assess the impact of this phenomenon on the statistical procedures, a simulation explored the situation where a random 30% of all individuals hired left employment before promotions were made. The empirical powers are presented in Table 4 . As expected, random leaving reduced the power of the tests; however, the relative powers of the six statistical tests remained similar to the earlier results. Other simulations were carried for samples half the size of those reported here. While the powers of the tests were lower, the relative powers of the six tests considered remained the same. The results are not presented here but are available from the corresponding author.
APPLICATION TO DATA FROM ACTUAL CASES
In this section data from four cases, which involve a nested two-stage data structure, will be reanalyzed by the methods described previously. Many equal employment cases concern whether an exam has a disparate impact on a legally protected group. Often, only the pass rates are compared, however, not everyone who passes will ultimately be appointed to the job. When the positions are filled in rankorder, if the scores of minority group candidates are concentrated at the lower end of the passers, they will receive few actual positions. Three cases from New York, Akron and St. Louis illustrate the situation. Although the approaches presented here differ from the one proposed in Miao and Gastwirth (2013) , which compares the distributions of test scores of the passers from each group, similar conclusions are reached. The fourth case arose when an employer investigated some employees for misusing the e-mail system to forward material from a pornographic website. A higher fraction of minority employees were investigated and subsequently terminated by the employer. Edward Kirkland and other minority sergeants in the New York State Department of Correctional Services (DOCS) brought a class action in 1982, alleging that the exam for the position of Lieutenant carried out by DOCS and the New York Civil Service Commissions (CSC) resulted in an eligibility list that was discriminatory against blacks and Hispanics. The first stage analysis examines whether there is a statistically significant difference in the pass rates; while the second concerns the fairness of making appointments from the passers according to their rank on the scores. The data on both stages are given in Table 5 . The two-sided Fisher's exact test applied to both the pass and promotion data yields p-values of .06 and 6.39 × 10 −9 , respectively. This implies a highly significant difference in the promotion rates; however, the difference in the proportions of passing the exam just misses significance at the .05 level. If one's interest is in detecting unfairness in both processes, the first adaptive method chooses the mixture χ 2 test as the BD test is significant (p-value = .03 < .20). The mixture χ 2 test yields a p-value of <10 −6 , indicating that the minorities were disadvantaged in both processes. When the focus is on the actual promotions, the second adaptive procedure is appropriate. The first stage test rejects the equality of the proportions of the two groups passing the exam since its pvalue (.06) < .20, so a one-sided Fisher's exact test is used to assess whether the promotions were consistent with a random selection from the original pool of eligible candidates who took the exam. This yields a highly significant p-value of 7.48 × 10 −10 , indicating a statistically significant disparity in the promotion process. Thus, both adaptive methods conclude that the protected group was significantly disadvantaged. Ultimately, the case was settled by an agreement that modified the rank-order selection procedure and assured that all passers would eventually be promoted.
Reanalysis of the data from
Reanalysis of the data from United
Black Firefighters Association v. Akron
6
In 1988, the City of Akron developed a promotional examination for fire lieutenants. The promotional process has four components: (1) written job knowledge test, (2) an "assessment center" portion consisting of the applicant's written analysis of a lieutenant's typical "in-basket" followed by an oral presentation; (3) service rating and (4) seniority. The last two factors were weighted less than the first two. A total of 137 (38 blacks and 99 whites) took the exam in 1990. After the first two components, 118 candidates (29 blacks and 89 whites) remained. Then the service rating and seniority were incorporated and the top 45 candidates (4 blacks and 41 whites) were promoted. The data are presented in Table 6 . When both stages are under scrutiny, applying Fisher's exact test to each stage separately yields two-sided p-values of .053 and .002. This indicates that blacks were statistically significant disadvantaged at the second stage, however, the difference between the pass rates on the exam is of "border-line" significance. Applying the first adaptive procedure, the BD test fails to reject the hypothesis of a common odds ratio (p-value = .38), so the common log odds ratio test is used to analyze the full dataset. It yields a p-value of 1.02 × 10 −5 with a common odds ratio estimate (minority against majority) of .24. This implies a statistically significant and meaningful disparity in both the exam and appointment stages. When the second adaptive test is applied to the data, the p-value (.053) of Fisher's test of equality of passing rates is less than .20. Thus, the one-sided Fisher's exact test is used to compare the proportion of the original minority applicants who were actually appointed to the corresponding proportion of majority applicants. This yields a p-value of .0003, implying that blacks were statistically significantly disfavored in the appointment process. These conclusions differ from those of the legal decision, which said that the test did not have significant impact on the blacks. The court relied on a government guideline that there is no disparate impact since the ratio of the minority to majority pass rates (.85) is greater than the .80 or "fourfifths rule"
7 . Had the plaintiffs applied Fisher's exact test to the pass data, the two-sided p-value (.053) might have informed the court that the employment test in question deserved to be evaluated for job-relatedness. Table 7 . At trial the defendant's expert stated that the promotion rates of those who passed should be compared in order to examine that the candidates of either race who were minimally qualified. He applied Fisher's exact test to the promotion data and concluded the difference in pass rate was not statistically significantly (p-value = .22). The plaintiffs' expert compared the African-American proportions (4/124 or 3.23%) of all applicants who were promoted to the majority proportion (18/183 or 9.84%). He found a statistically significant difference (p-value = .03) and noted that the ratio of the selection rates is 0.22, clearly less than four-fifths. The court decided that the plaintiffs' analysis was more relevant as the government guideline refers to selection procedures.
From the perspective that promotion depends on both stages, the first adaptive procedure is appropriate. The p-value (.97) of the BD test indicates that the common log odds ratio test should be used. It yields a p-value of 2.95 × 10 −5 with an estimated common odds ratio of .43, indicating that there is a statistically significant difference in both the exam pass and promotion stages. Because the pass rate of minority applicants was statistically significant (p-value = .0004) lower than that of whites, the second adaptive procedure applies a one-sided Fisher's exact test to promotion data assuming the promotions are made from the original applicant pool. This yields a p-value of .02. Both adaptive procedures confirm the court's finding that the exam had a disparate impact. In the actual case, the city was able to validate the exam as job-related, so it prevailed. In November of 2005, as part of a routine quality assurance review of an employee's (Ms. B's) telephone and email activity, Wells Fargo noted that she had accessed an email and website called "orgasmic simulator". In the subsequent investigation, the company noticed that earlier Ms. B had received an email from another employee. Then the entire chain of senders and recipients of the "orgasmic simulator" email was found by looking in the "inbox", "deleted items" and "sent box" of the email accounts of employees. Ultimately, 74 Wells Fargo employees were investigated, of whom 66 were African-American. The investigation led to the termination of 31 employees, 30 of whom were African-American. The firing took place in three stages. After the first 16 employees were terminated in November 2005, a local newscast reported that most were minority. A senior executive saw the broadcast and suggested that a random sample of email records from all employees should be taken in order to ensure that the investigation was fair. That suggestion was not followed and two further sets of terminations were made on the basis of the original investigation: nine on December 2, 2005 and six on February 21, 2006. The plaintiffs challenged the fairness of both the initial review and the selection of employees who were terminated. At the time of the investigation, there were approximately 700 employees, 45% of whom were African-American. Of the employees investigated, 89% were African-American. The data are reported in Table 7 . Applying the two-sided Fisher's exact test to the investigation and termination stages, separately, yields p-values of <.0001 and .054, respectively. This is very strong statistical evidence indicating that AfricanAmericans were disadvantaged at the investigation stage. However, the p-value of the test applied to the termination data is .054, which is a border line significant result. Applying the first adaptive procedure to the investigation and termination data, the BD test fails to reject the equality of the two odds ratios (p-value = .71). Therefore, the common log odds ratio test is conducted. It yields a highly significant result (p-value = 2.08 × 10 −27 ) with an estimated common odds ratio of 10.61 (minority vs. majority), indicating that African-Americans had ten times the odds of whites for being investigated and subsequently terminated. Because the minority group was disfavored in the first stage, the second adaptive procedure is also appropriate. A statistically significant result (p-value = 3.25 × 10 −10 ) was found, again providing highly significant evidence that minorities were terminated at a statistically higher rate than majority employees.
Consider a hypothetical scenario that Wells Fargo had terminated 2 white employees rather than just one along with 29 African-American employees. If the discriminatory investigation was ignored and the usual twosided Fisher's exact test was applied to the termination data, a non-significant result (p-value = .26) would be found. In contrast when this data are jointly analyzed by the two adaptive methods, highly significant results (pvalue < 10 −10 and p-value = 6.72 × 10 −9 , respectively) are found.
DISCUSSION & SUMMARY
In this paper, two adaptive procedures are developed for a commonly occurring nested two-stage problem in the legal setting.
One adaptive procedure is primarily focused on detecting possible unfairness in both. Following the work of Chernoff (1954) , Self and Liang (1987) , a mixture χ 2 test is obtained for our problem. The common log odds ratio test is motivated by the tendency for discrimination in one aspect of employer's policy to affect related policies. Then an adaptive method using the Breslow-Day test as the preliminary procedure to choose between the mixture χ 2 and common log odds ratio test is presented.
When the main focus is on the second stage, e.g. promotion, the commonly used Fisher's exact test may give a misleading result if the original hiring process was unfair. This occurs because a smaller than expected number of minority hires reduces the power of the Fisher's exact test to detect unfairness at the second stage (promotion). The second adaptive procedure is motivated by a court's suggestion. It checks the fairness of the hiring process before applying Fisher's exact test. When the hiring rates are not statistically significant (at level .20), a two-sided Fisher's exact test is applied to the promotion data. If there is statistical evidence suggesting possible unfairness at the hiring stage, a one-sided Fisher's exact test is used to check whether the promotions were consistent with a random sample of the original applicant pool.
A simulation study of the performance of the procedures shows that all of the six procedures preserve the desired .05 nominal level. The common log odds ratio test performs better than the mixture χ 2 test, when the true value of odds ratios of the two stages are close; while the mixture χ 2 test has higher power when the two odds ratios are substantially different or there is little evidence of unfairness at the first stage. The power of the first adaptive procedure is always between the power of the mixture χ 2 and log odds ratio tests, and its power is closer to the more powerful of the two. Thus, the Breslow-Day adaptive test can be recommended, when both hiring and promotion are being examined, or when the promotions are being examined but the fairness of hiring is questionable. The simulation study found that Fisher's exact test has low power for detecting possible unfairness in promotion policy when there is a disparity in the hiring rates. It was found that the second adaptive method is as powerful as the standard Fisher's exact test when minorities received more than their expected number of hires. Data from the legal cases were reanalyzed with the adaptive procedures. Generally they provide stronger evidence of a disparity than Fisher's exact test. In United Black Firefighters Association v. Akron where the courts did not find that the promotion exam had a disparate impact, both adaptive procedures found a highly significant difference in the actual selection rates (p-value < .001).
The results demonstrate that the choice of a statistical test for a disparity in success rates at a second stage should depend on whether the employment practice at the previous stage was fair. This indicates that in order to properly study the fairness of an employer's promotion policy, one should check the fairness of the hiring process. An important aspect of the legal process is the discovery phase, in which each party can request relevant information from the other side. The finding that the power of the statistical test used to detect unfairness at the second (promotion, appointment) stage is noticeably reduced when minorities were disadvantaged at an earlier stage, e.g. hiring or appointments to the feeder positions, has an important implication for judges when they create the rules for discovery. In order to adequately assess the fairness of a second stage process, e.g. promotions, data on the employment practices from previous stages also need to be examined.
Further development of the methodology presented may be needed to cover specific real world situations. For example, in addition to evaluating existing employees for promotion, an employer may also consider external applicants. Then the log odds ratio of external candidates could be considered as a third stratum in the Breslow-Day test. Depending on the result, either a common log odds ratio test or a mixture χ 2 test could be used. Sometimes, several lower level jobs serve as "feeder" positions for a higher level one. The promotion log odds ratio (φ p ) can be estimated through a logistic regression incorporating relevant covariates including the position held. Then the estimated log odds ratio (φ p ) would be used withθ h in the first adaptive method described here. In summary, the approach presented here should provide a framework for studying these and other complications arising in real world applications.
APPENDIX A. APPENDIX SECTION
A.1 Detailed calculation for Theorem 1
The joint distribution of (U 1 , U 2 ) can be calculated as follows λ1 (1−λ2) , and replacing the terms in equation (7) 
Substituting the terms in (6) with σ i (i = 1, 2), ρ and Q in (6) with (8) yields . Similar calculation can be carried out for Theorem 2.
